Abstract. In this article we study the Quillen norm on the determinant line bundle associated with a family of complex curves with cusps, which admit singular fibers.
Introduction
In this article we study the Quillen norm on the determinant line bundle associated with a family of complex curves with cusps, which admit singular fibers.
Let X and S be complex manifolds, and let π : X → S be a proper holomorphic map. The construction of Grothendick-Knudsen-Mumford [30] (cf. also [10, §3] ) associates for every holomorphic vector bundle ξ over X the "determinant of the direct image of ξ" -the holomorphic line bundle over S, which we denote by det(R • π * ξ). In the special case when the cohomology groups H
• (π −1 (·), ξ) have constant dimension, they form holomorphic vector bundles, and we have a natural isomorphism det(R • π * ξ) = ⊗ i (Λ max H i (π −1 (·), ξ)) (−1) i . If X and S are quasiprojective and π is projective, by a theorem of Riemann-Roch-Grothendieck (cf. [11, §7] ), the first Chern class of det(R • π * ξ) is expressed as a push-forward by π of characteristic classes of ξ and the relative tangent bundle T X/S.
Assume temporarily that π is a Kähler fibration, i.e. it is a submersion such that there exists a closed (1, 1)-form on X such that its restriction to the fibers of π gives a Kähler form. In this case, Bismut-Gillet-Soulé in [10] gave an analytic construction of the line bundle λ(j * ξ), which they proved in [10, Theorem 3.14] to coincide with (det(R • π * ξ)) −1 . Now, endow the vector bundles ξ, T X/S with Hermitian metrics h ξ and h T X/S over X. As the dimension of the cohomology of the fibers might change from point to point, the holomorphic analytic torsion and the L 2 -metric of the fibers on the line bundle λ(j * ξ) are not necessarily continuous. Nevertheless, BismutGillet-Soulé in [10, Theorems 1.3, 1.6] showed that the Quillen norm · Q on λ(j * ξ), defined as a product of the holomorphic analytic torsion and the L 2 -metric of the fiber, is smooth. When π is trivial of relative dimension 1, this metric was previously defined by Quillen in [38] . The curvature theorem of Bismut-Gillet-Soulé [10, Theorem 1.9 ] gives a refinement of Riemann-RochGrothendieck theorem by expressing the curvature of the Chern connection on (λ(j * ξ), · 2 Q ) as an integral over the fibers of π of Chern forms associated with (ξ, h ξ ) and (T X/S, h T X/S ). Now, let π : X → S be a family of complex curves with ordinary singularities. Let σ 1 , . . . , σ m : S → X be disjoint holomorphic sections of π, which do not pass through singular points. Let the norm · ω X/S on the canonical line bundle ω X/S (see Section 2.2) over X \ (∪ i Im(σ i )) be such that its restriction over each nonsingular fiber X t := π −1 (t), t ∈ S \ |∆| of π induces the Kähler metric with cusps at σ 1 (t), . . . , σ m (t) (see Definition 2.5). The goal of this article is to study the associated Quillen norm, constructed using the analytic torsion, defined in the first article of this series [18] , and deduce the corresponding curvature formula.
More precisely, let's denote by · W X/S the Wolpert norm induced by · ω X/S (see Definition 2.7) on the line bundle ⊗ i σ * i (ω X/S ). We denote by D X/S the divisor on X given by D X/S := Im(σ 1 ) + · · · + Im(σ m ).
(1.1)
By |∆| ⊂ S, we denote the locus of singular fibers, and by Σ X/S ⊂ X the submanifold of singular points of the fibers (see Corollary 2.3). Let ξ be a holomorphic line bundle over X, and let h ξ be a Hermitian metric over π −1 (S \ |∆|). For n ≤ 0, we endow the line bundle det(R • π * (ξ ⊗ ω X/S (D) n )) −1 with the Quillen norm
over S \ |∆|, t ∈ S \ |∆|, defined as the product of the L 2 -norm and the analytic torsion of the fiber (see Definition 2.9). Now, we denote the norm
on the line bundle
Our first goal is to study -under various assumptions on the data -the regularity of · Ln over S \ |∆| and its singularities near ∆. We show that the singularities of · Ln are reasonable enough to define the first Chern form of (L n , ( · Ln )
2 ) as a current over S. Then we compute this current explicitly, which gives us a refinement of Riemann-Roch-Grothendieck theorem on the level of currents. In particular, when π : X → S is a family of hyperbolic surfaces without singular fibers and (ξ, h ξ ) is trivial, we get Takhatajan-Zograf formula [41, Theorem 1] ; when the metrics h ξ , · X/S are smooth, i.e. there are no cusps and no degeneration of the metric near singular fibers, we get a formula of Bismut-Bost [7, Théorème 2.2] . Now let's state precisely the different assumptions on the data, which we consider in this article. Assumption S1. The Hermitian metric h ξ extends smoothly over X; the Hermitian norm · X/S extends smoothly over X \ |D X/S | and it is pre-log-log of infinite order, with singularities along D X/S (cf. Definition 2.15).
Assumption S2. We suppose that ∆ has normal crossings. The Hermitian metric h ξ is pre-loglog with singularities along π −1 (∆) (cf. Definition 2.15); the Hermitian norm · X/S is pre-log-log with singularities along π −1 (∆) ∪ D X/S . Assumption S3. We suppose that ∆ has normal crossings. The Hermitian metric h ξ extends smoothly over X; the Hermitian norm · X/S is continuous over X \ (Σ X/S ∪ |D X/S |), has loglog growth with singularities along Σ X/S ∪ |D X/S | (cf. Definitions 2.14), is good in the sense of Mumford on X \ |D X/S | with singularities along π −1 (∆) (cf. Definition 2.15), and the coupling of c 1 (ω X/S (D), · the hypothesises from Bismut-Bost [7] (cf. Bismut [6] ). Assumption S2 and S3 are interesting because the main example of degenerating hyperbolic surfaces (see Construction 5.2) satisfies them (see Proposition 5.6 ). Assumption S2 is well-adapted to the curvature theorem, Theorem D, and Assumption S3 -to the continuity theorem, Theorem C. Now let's argue why instead of more well-known notion of good vector bundles due to Mumford [37] (see Definition 2.15), we use the notion of pre-log-log vector bundles due to Burgos Gil-Kramer-Kühn [12] (see Definition 2.15) . By Proposition 5.6, for our main example of hyperbolic surfaces from Construction 5.2, the metric · hyp X/S is good. This is stronger than being pre-log-log (see for example [12, Lemma 4.26] ). By [12, §4.5] , and it follows easily from formulas for degree 0 Bott-Chern forms, the Bott-Chern form associated with good metrics is not necessarily of Poincaré growth (see Definition 2.12d)). Nevertheless, as it was proved by Burgos Gil-Kramer-Kühn [12, Theorem 4 .55] (cf. Theorem 2.19) in its equivalence class one can choose a representative which is pre-log-log. Now, the Bott-Chern forms enter naturally in the anomaly formula and the definition of Deligne norms [14, (6.3.1) ]. Thus, Deligne norm associated with good Hermitian vector bundles is not good in general. Pre-log-log condition is a natural condition to form a class of metrics, such that the associated Deligne norms (see Freixas [21, Theorem 5.1.3] ) and renormalized Quillen norms (see Theorem C2) almost 1 stay in this class. This will be used extensively in our forthcoming paper [20] on Deligne-Mumford isometry. Definition 1.3. Let Y be a complex manifold and let D 0 be a divisor in Y . a) Suppose D 0 has normal crossings and the function f : Y \ |D 0 | → R is continuous and has log-log growth along D 0 (see Definition 2.12a)). We denote by [f ] L 1 the current over Y , given by the L 1 -extension of f over Y . We say that f is nice with singularities along . . , h k , k ∈ N be local holomorphic functions such that dh i (x) = 0, i = 1, . . . , k and n 1 , . . . , n k ∈ N are such that D 0 is defined over U by {h
We say that a smooth function f : Y \ |D 0 | → R is very nice with singularities along D 0 if for any x ∈ D 0 there are smooth functions f 0 , . . . , f k : U → C:
c) Let L be a holomorphic line bundle over Y , and let h L be a continuous Hermitian metric on L over Y \ |D 0 |. For x ∈ Y , fix a local holomorphic frame υ of L in a neighbourhood U of x. We say that h L is very nice (resp. nice) with singularities along D 0 if for any x and υ, the function ln h L (υ, υ) is very nice (resp. nice) with singularities along D 0 . 
Our first result describes the singularities of the norm (1.4) near |∆|.
Theorem C (Continuity theorem). We consider the line bundle L n , and the norm · Ln over it. 1) Under Assumption S1, this norm is very nice with singularities along ∆.
2) Under Assumption S2, this norm is nice with singularities along ∆.
3) Under Assumption S3, this norm is continuous over S. b) In the forthcoming paper [19] , under Assumption S3, we exhibit the relation between the restriction of L n over the singular fibers and the Quillen norm of the normalisation of the singular fibers.
Theorem C also gives us a possibility to deduce the characterization through the Quillen metric of Grothendick-Knudsen-Mumford determinant line bundle det(R
Corollary 1.6. Suppose Assumption S2 (resp. S3) hold. Then the line bundle L n over S, is the only extension of the line bundle
over S \ |∆|, for which the norm · Ln over S \ |∆| is nice with singularities along ∆ (resp. continuous over S).
We recall that the Chern and Todd forms of the Hermitian vector bundle (ξ, h ξ ) are defined as 10) where the dots mean higher degree terms.
Theorem D (Curvature theorem). Under Assumption S1 (resp. S2), the current
is L 1 loc (S) (resp. has log-log growth along ∆ in the sense of Definition 2.12b), so in particular, it is also L 1 loc (S)). We denote by the same symbol the trivial L 1 -extension of this current over S. This extension is closed. We do the same for the currents σ * b) Assume S2 holds, then our proof relies on the curvature theorem of Bismut-Gillet-Soulé [10, Theorem 1.9], on the proof of Theorem C and on the potential theory of log-log currents, which we develop in Section 4.1. In [20] , we give an alternative proof, which uses the extension of Deligne-Mumford isomorphism.
For a complete proof of the following two corollaries, see Section 4. Corollary 1.8. Assume S2 and S3 hold. Then the trivial L 1 -extension of the current (1.11) from Theorem D has a local continuous potential over S, which can be written explicitly through a product of the · Ln -norm of a holomorphic frame of L n and the restriction of h ξ -norm of a holomorphic frame of ξ over the images of σ 1 , . . . , σ m . Corollary 1.9. Assume S2 holds, and assume that the current (1.11) is smooth over S. Then the Hermitian norm · Ln on the line bundle L n is smooth over S.
Remark 1.10. Quite easily, if h ξ and · X/S satisfy S1, and the forms c 1 (ξ, h ξ ), c 2 (ξ, h ξ ), c 1 (ω X/S (D), · X/S ) vanish in the neighbourhood of Σ X/S , then since π| X\Σ X/S is a submersion, the current (1.11) is smooth over S, so the hypothesises of Corollary 1.9a) are satisfied. Now let's describe some of the applications of those results to the moduli space M g,m of mpointed stable curves of genus g, 2g − 2 + m > 0. We denote by M g,m the Deligne-Mumford compactification of M g,m , by ∂M g,m := M g,m \ M g,m the compactifying divisor, by C g,m and C g,m the universal curves over M g,m and M g,m respectively. We denote by Ω : C g,m → M g,m the universal projection. We denote by D g,m the divisor on C g,m , formed by m fixed points. We denote by ω g,m the relative canonical line bundle of Ω, by ⊗σ We denote by ω W P the Weil-Petersson form over M g,m (cf. Section 5.1). The following corollaries will be proved in Section 5.2.
(1.14) on the line bundle
is nice with singularities along ∂M g,m . Moreover, it extends continuously over M g,m and it is smooth over M g,m .
By Corollary 1.11 and Remark 1.4, we see that the first Chern form of (λ
well-defined as a current over M g,m . Let's state the curvature theorem in this context. Corollary 1.12. The form ω W P has log-log growth along the boundary ∂M g,m of the moduli space of curves. We denote by
It is closed and the following identity holds for currents over M g,m [43, §2] . He later used it to give a complex-analytic proof of the ampleness of Weil-Petersson form. Our method of the proof is constructive, and doesn't use ∂∂-lemma, thus, it is very different from the non-constructive proof in [43, §2] . Corollary 1.16. We can decompose the Weil-Petersson form ω W P as 17) for some smooth forms α, β over M g,m . Moreover, there is a smooth Hermitian metric h sm on λ 18) and β, dβ have log-log growth along ∂M g,m . In particular, we have
As a consequence, we see that the left-hand side of (1.19) is a rational multiple of a power of π. 
was constructed by Deligne in [14, Théorème 9.9] for m = 0. Then Freixas in [22, Theorem 3.10] extended it for m ∈ N. Those isomorphisms are canonical and can be characterized uniquely up to a multiplication by −1 as the morphisms which respect Z-structure of the corresponding line bundles, see [30] , [29] , [14] , [22] . [25] . For m ∈ N, n = 0, this was proved by Freixas in [22, Theorem 6.1] . We note that Gillet-Soulé and Freixas also explicitly computed the constant up to which this isometry holds. In [20] , we extend their result for all families of curves with cusps.
Finally, let's mention that in the related work of Albin-Rochon [2] , authors obtain local family index formula for the direct image R
• π * (ω g,m (D) n ), which is a holomorphic vector bundle, over M g,m . In our situation, the cohomology of the fiber may vary, and similarly to [8] , [9] , [10] , we work only with the first Chern form. Now let's describe the plan of this article. In Section 2, we recall the basic definitions of the subject, we recall the definition of the Quillen metric, different notions of singularities of vector bundles and Bott-Chern forms. We also see in Section 2.4 how Corollary 1.6 follows from Theorem C. In Section 3, we prove an analytic proposition, which studies the singularities of a push-forward of a differential form in f.s.o. Then we use it to prove Theorem C. In Section 4, we develop potential theory for currents of log-log growth and then we prove Theorem D and Corollaries 1.8, 1.9. In Section 5, we recall the necessary prerequisites related to the moduli space of pointed stable curves and prove Corollaries 1.11, 1.12, 1.14, 1.16, 1.18.
Notation. For > 0, we denote
For a vector space E, we denote det E := Λ max E. For a holomorphic vector bundle ξ over a complex manifold X with a Hermitian metric h ξ over X, the pair (ξ, h ξ ) is called a Hermitian vector bundle over X.
be the line bundle associated with the divisor D M . The twisted canonical line bundle is defined as
3)
The metric g T M endows by Construction 1.1 the line bundle ω M (D) with the induced Hermitian metric · M over M .
We denote by ξ⊗ω M (D) n the Kodaira Laplacian associated with
. In this article we only consider the action of ξ⊗ω M (D) n on the sections of degree 0. We recall that for m = 0, the analytic torsion was defined by Ray-Singer [39] as the regularized determinant of ξ⊗ω M (D) n . More precisely, let λ i , i ∈ N be the non-decreasing sequence of nonzero eigenvalues of ξ⊗ω M (D) n . Classically, the associated zeta-function
is defined for Re(s) > 1, s ∈ C and it extends meromorphically to the entire s-plane. This extension is holomorphic at 0, and the analytic torsion is defined by
However, for m > 0, the heat operator associated with ξ⊗ω M (D) n is no longer of trace class. Thus, the definition (2.5) is no longer applicable, but, as it was shown in the previous paper of this series [18, §2.2] , by taking out the diverging part in the definition of the heat trace, we can extend the definition of zeta-function ζ M (s) to define the analytic torsion
Families of nodal curves
In this section we recall the definition of a holomorphic family of Riemann surfaces with ordinary singularities (cf. Bismut-Bost [7] ) and some of its properties. We introduce its cusped version, which we call a family of surfaces with cusps, and we also define the Wolpert norm. Definition 2.1. A holomorphic family of Riemann surfaces with ordinary singularities is a holomorphic, proper, surjective map π : X → S of complex manifolds, such that for every t ∈ S, the space X t := π −1 (t) is a complex curve whose singularities are at most ordinary double points. As a shortcut, we will call π a f.s.o. (from french "familleà singularités ordinaires").
Proposition 2.2 ( [7, Proposition 3.1])
. Let π : X → S be a f.s.o. Then for every x ∈ X, there are local holomorphic coordinates (z 0 , . . . , z q ) of x ∈ X and (w 1 , . . . , w q ) of π(x) ∈ S, such that π is locally defined by one of the following identities
. Let π : X → S be a f.s.o., and let Σ X/S ⊂ X be the locus of double points of the fibers of π. Then the following holds a) Σ X/S is a submanifold of X of codimension 2; b) the map π| Σ X/S : Σ X/S → S is a closed immersion; c) the map π| X\Σ X/S : X \ Σ X/S → S is a submersion. In particular, the direct image ∆ = π * (Σ X/S ) is a divisor in S. Notation 2.4. We use the notation ∆, Σ X/S for the divisor and the submanifold from Corrolary 2.3.
For a complex manifold X, we denote by Ω X the sheaf of holomorphic sections of the vector bundle T * (1,0) X, and by ω X the line bundle det(T * (1,0) X). Let's recall the construction of the relative canonical line bundle ω X/S of a f.s.o. π : X → S. Define the sheaf Ω X/S by the exact sequence:
By Corollary 2.3, the exact sequence (2.8) becomes exact to the left when restricted to X \ Σ X/S :
By taking determinants of (2.9), we deduce the isomorphism
We define
Then ω X/S is the unique extension of Ω X/S | X\Σ X/S over X. This line bundle is called the relative canonical line bundle of π : X → S. Let x ∈ Σ X/S . Take local coordinates (z 0 , . . . , z q ) on an open neighbourhood V of x ∈ X and local coordinates (w 1 , . . . , w q ) of π(x) ∈ S, as in (2.7). Then the manifold Σ X/S ∩ V is given by {z 0 = 0 and z 1 = 0}.
(2.12)
Consider the sections dz 0 /z 0 and dz 1 /z 1 of Ω X , defined over the sets {z 0 = 0} and {z 1 = 0} respectively. The images of dz 0 /z 0 and −dz 1 /z 1 in ω X/S coincide over {z 0 z 1 = 0}, since
Thus, they define a nowhere vanishing section σ of ω X/S over V \ Σ X/S . Since Σ X/S is of codimension 2, the section σ extends to a nowhere vanishing section over V of the line bundle ω X/S .
Definition 2.5 (Family of surfaces with cusps)
. A holomorphic family of Riemann surfaces with ordinary singularities and cusps is a f.s.o. π :
becomes a surface with cusps. As a short-cut, we call (π; σ 1 , . . . , σ m ; · ω X/S ) a f.s.c. Notation 2.6. From now on, we denote by D X/S the divisor on X, given by Im(σ 1 )+. . .+Im(σ m ). We denote by D Xt its restriction on
Definition 2.7 (Wolpert norm). Let (π; σ 1 , . . . , σ m ; · ω X/S ) be a f.s.c. Let t ∈ S \ |∆|, and let z i be a holomorphic coordinate of
(2.14)
By the uniformization theorem, such a holomorphic coordinate is uniquely defined up to a multiplication by a unitary complex constant. We define the norm
The Wolpert norm · W X/S is defined as the product norm on
In general, we make no claims about the smoothness of · W X/S , but we hope to come back to this question soon. 
Determinant line bundles and Quillen norms
In this section we recall the notion of the determinant line bundle due to Grothendick-KnudsenMumford [30] and then, similarly to Bismut-Gillet-Soulé [10] , but basing on the definition of the analytic torsion from [18, Definition 2.17], we introduce the notion of the Quillen norm on the determinant line bundle.
Let π : X → S be a f.s.o., and let ξ be a holomorphic vector bundle over X. We denote
where we identified ξ with its sheaf of holomorphic sections. By Grothendick-Knudsen-Mumford [30] (cf. [7, Proposition 4.1]) the family of complex lines (det(R • π * ξ) t ) t∈S is endowed with a natural structure of holomorphic line bundle det(R • π * ξ) over S. Now, suppose (π; σ 1 , . . . , σ m ; · ω X/S ) is a f.s.c. For t ∈ S \ |∆|, we denote by dv Xt the Riemannian volume form on X t \ (∪σ i (t)), induced by · ω X/S on the fiber X t . Endow the twisted canonical line bundle ω X/S (D) with the norm · X/S from Construction 1.1. Let ξ be endowed with a Hermitian metric h
where
, and ·, · h is the pointwise Hermitian product induced by h ξ , · ω X/S and · X/S . As we explained in [18, Section 2.1], the right-hand side of (2.17) is finite, and (2.17) defines the L 2 -scalar product on the vector spaces
Definition 2.9. The Quillen norm on the line bundle
Singular Hermitian vector bundles
In this section we recall several notions of singularities for Hermitian vector bundles. Then we show how Theorem C implies Corollary 1.6. We work with a complex manifold
Notation 2.11. Let (U ; z 0 , . . . , z q ; l) be an adapted chart for D 0 . We denote
a locally bounded section of the wedge algebra on cotangent space) has log-log growth of order k ∈ N (resp. weakly log-log growth) on Y , with singularities along D 0 , if it can be expressed as a linear combination of monomials constructed using 20) where k 0 , k 0 ∈ N l+1 are the projections of k, k onto first l +1 components, and ∂ |k| /∂z k , ∂ |k | /∂z k are the multinomial notations for the differentiations. When we don't precise k ∈ N, by our convention, this means k = 0. b) [21, Definition 2.1] A function f : Y \ F → C has log-log growth on Y , with singularities along F (resp. has logarithmic singularities along F ), if for any x ∈ Y , for some adapted chart (U ; z 0 , . . . , z q ; l) of F at x, and for some C > 0, p ∈ N, we have
, and for any k, k ∈ N q+1 , for some adapted chart (U ; z 0 , . . . , z q ; l) of D 0 at x ∈ |D 0 |, and some C > 0, p ∈ N, we have
where k 0 , k 0 ∈ N l+1 are the projections of k, k onto first l + 1 components. 
Definition 2.14. Let L be a holomorphic line bundle over Y and let h L be a smooth Hermitian metric on L over Y \ (F ∪ |D 0 |). We say that the metric h L has log-log growth with singularities along F ∪ |D 0 | if for any local holomorphic frame υ of L, the function ln h(υ, υ) , has log-log growth on Y , with singularities along F ∪ |D 0 |. We say that the metric h ξ is pre-log-log of order k ∈ N (resp. good) with singularities along D 0 if for any local holomorphic frame e 1 , . . . , e rk(ξ) of ξ, the functions h ξ (e i , e j ), i, j ∈ 1, . . . , rk(ξ), (det(H)) −1 , for
i,j=1 have logarithmic singularities of order k ∈ N (resp. order 0), and the entries of the matrix (∂H)H −1 , are pre-log-log of order k ∈ N (resp. P-singular), with singularities along D 0 . Again, when the order is not precised, by our convention, we suppose k = 0.
For line bundles, we have the following easy criteria of pre-log-log and good conditions:
L is pre-log-log (resp. good) with singularities along D 0 if and only if for every local holomorphic frame υ of L over U ⊂ Y , the function ln h L (υ, υ) is pre-log-log (resp. P-singular), with singularities along D 0 .
The following proposition explains how nice vector bundles can be used to precise the extension of a given line bundle. 
From now on, the proof repeats [37, Proposition 1.3], and we leave it to the interested reader.
Proof of Corollary 1.6 modulo Theorem C.. By Theorems C2, C3 we see that the extension L n satisfies the required properties. Now, Proposition 2.17 shows that there is at most one extension, which finishes the proof.
Bott-Chern currents and pre-log-log Hermitian vector bundles
In this section we recall the theory of Bott-Chern currents associated with pre-log-log Hermitian vector bundles, which was implicit in the paper [12] and which extends previous work of BismutGillet-Soulé [8, Theorem 1.29] . We work with a complex manifold Y , and a normal crossing divisor D 0 ⊂ Y . Now, let's define the vector space
pll (Y, D 0 ) are the vector spaces of pre-log-log differential forms on Y of degree (i, j) with singularities along D 0 . We denote
, where R h ξ is the curvature of the Chern connection on (ξ, h ξ ).
Proposition 2.18. Let h ξ be a Hermitian metric on ξ, which is pre-log-log of order k ∈ N (resp. good) over Y \ D 0 with singularities along D 0 . Then the form φ(ξ, h ξ ) is pre-log-log of order k (resp. good) on Y with singularities along D 0 , and the induced current
Proof. This was proved for good Hermitian metrics by Mumford in [37, Theorem 1.4]. The proof for pre-log-log Hermitian metrics remains identical, see [13, Proposition 7.25 ].
We consider a short exact sequence of vector bundles over Y , endowed with Hermitian metrics over Y \ D 0 , which are pre-log-log with singularities along D 0 .
Theorem 2.19. For φ as above, there is a unique way to attach to every exact sequence
Proof. This theorem was proved in [12, Theorem 4 .64] for the pre-log-log vector bundles of infinite order, but their proof remains valid for pre-log-log vector bundles. This is due to the fact that in [12, Theorem 4 .64], the estimates of the higher derivatives of the underlying metric are only used in the estimates of higher derivatives of the Bott-Chern form. 
we denote for simplicityφ
By Theorem 2.19a), we have
In this paper we will only need to consider the short exact sequences consisting of 2 terms. Nevertheless, we state the theorem for general short exact sequences, since in the forthcoming paper [20] 
Proof. First of all, we have
By the uniqueness of the Bott-Chern classes from Theorem 2.19, it is enough to see that (2.33) satisfies the requirements of Theorem 2.19 for φ = Tr, i.e. representing the first Chern form.
Proposition 2.22. Let ξ be a holomorphic vector bundle over Y , and let h ξ , h ξ 0 be pre-log-log Hermitian metrics on ξ with singularities along D 0 . Then
Moreover, if ξ is of rank 1, then we have 3 Regularity and singularities: a proof of Theorem C In this section we prove Theorem C. More precisely, in Section 3.1, we prove a technical proposition about the regularity of a push-forward of a differential form in f.s.o. In Section 3.2, we recall the necessary prerequisites for the proof of Theorem C: the compactification theorem [18, Theorem A], the anomaly formula for surfaces with cusps [18, Theorem B] , and the result of BismutBost [7, Théorème 2.2], describing the asymptotics of the Quillen norm associated with a smooth metric over the total space near the singular fibers. In Section 3.3, we use it to prove Theorem C.
Pushforward of differential forms in f.s.o.
In this section we will study the singularities of a pushforward of a differential form in f.s.o. This study will be used extensively in the proof of Theorem C. The main result of this section is c) Suppose that ∆ has normal crossings. Let α be a differential (1, 1)-form over X \ (Σ X/S ∪ |D|), such that it has Poincaré growth on X \|D| with singularities along π −1 (∆), and the coupling of α with smooth vertical vector fields over X \ (Σ X/S ∪ |D|) is continuous over and has log-log growth with singularities along |D| (cf. Definition 2.12b)). Let f : X \ (Σ X/S ∪ |D|) → R be a continuous function, with log-log growth along Σ X/S ∪ |D|. Then the function π * [f α] extends continuously over S.
Proof. The Proposition 3.1a) was proved by Igusa [26] in the case D = ∅ (for precisely this version, see Bismut-Bost [7, Théorèmes 12.2, 12.3] ). Now let's describe the proof for D = ∅. We take t 0 ∈ S, and let U ⊂ S be a small neighbourhood of t 0 such that π| D : D → S is an isomorphism on each connected component over π −1 (U ). For simplicity, we suppose that D| π −1 (U ) has only one connected component. We choose coordinates (z 0 , . . . , z q ) of (π| D ) −1 (t 0 ) ∈ π −1 (U ) and (w 1 , . . . , w q ) of U as in (2.6) 
Let's treat the first part. Trivially, for any p ∈ Z, we have
Since α is pre-log-log over π −1 (U ) \ |D|, with singularities along D, by Lebesgue dominated convergence theorem and (3.1), we deduce that
By taking horizontal derivatives with respect to the coordinates entering the definition of log-log growth of infinite order of α, we deduce in the same way that the form (π| V 1,c ) * [α] is smooth, which concludes the proof. Now let's prove 3.1b). It is essentially the repetition of the proof of [21, Theorem 5.1.3] from the thesis of Freixas.
We take t 0 ∈ S \ |∆|, and let U ⊂ S \ |∆| be a small neighbourhood of t 0 as in the previous case. As before, we suppose for simplicity that D| π −1 (U ) has only one connected component. We choose coordinates (z 0 , . . . , z q ) of (π| D ) −1 (t 0 ) ∈ π −1 (U ) and (w 1 , . . . , w q ) of U as before, and let V 1,c be defined as above. We decompose the integration over the fiber in π * [α] into two parts:
Trivially, as π| π −1 (U )\V 1,c is a submersion, and the form α is continuous over π −1 (U ) \ V 1,c for any c > 0, the form (π| π −1 (U )\V 1,c ) * [α] is continuous over U for any c > 0. By this and the identity
which follows from (3.1), we conclude that π * [α] is continuous over S \ |∆|. Let's prove that π * [α] has log-log growth along ∆. We fix t 0 ∈ |∆|. For simplicity, we suppose that the curve X t 0 = π −1 (t 0 ) has only one double point singularity at x 0 ∈ X t 0 . We choose coordinates (z 0 , . . . , z q ) at x 0 ∈ X and (w 1 , . . . , w q ) at t 0 ∈ S as in (2.7). For c > 0 small enough, we denote U = {t ∈ S : |w 1 | < c} and
Let's prove that (π| V 2,c ) * [α] has log-log growth along ∆. The divisor π −1 (∆) is given over V 2,c by equations {z 0 = 0} + {z 1 = 0}. Let c < 1/2. We note that since z 0 z 1 = w 1 , the estimates ln | ln |z 0 ||, ln | ln |z 1 || ≤ ln | ln |w 1 ||, (3.5) are valid in V 2,c . By (3.5), there is a function f : S \ |∆| → R with log-log growth along ∆ such that function (π|
for H w 1 ,c = {(z 0 , z 1 ) : z 0 z 1 = w 1 ; |z 0 |, |z 1 | < c}. Trivially, there is C > 0 such that for any |ω 1 | < c 2 , we have
By (3.6) and (3.7), we conclude that (π| V 2,c ) * [α] has log-log growth along ∆. Now, as before, for simplicity, we suppose that D| π −1 (U ) has only one connected component. We choose coordinates (z 0 , . . . , z q ) of π −1 (U ) and (w 1 , . . . , w q ) of U as in (2.6), and we conserve the notation V 1,c from the previous step. Moreover, we suppose that π −1 (∆) is given by the equation {z 1 = 0} over V 1,c . From (3.1), the fact that α has log-log growth along π −1 (∆) ∪ D, which is given by {z 0 z 1 = 0} in U , and the fact that π| V 1,c is a submersion, we prove that (π| V 1,c ) * [α] has log-log growth along ∆.
Finally, as π| π −1 (U )\(V 1,c ∪V 2,c ) is a submersion, and the form α has log-log growth along π −1 (∆), the form (π| π −1 (U )\(V 1,c ∪V 2,c ) ) * [α] has log-log growth along ∆. Thus, we deduce that π * [α] has loglog growth along ∆. Now, to prove that π * [α] is nice, we have to study the distributional derivatives 
By Stokes theorem, we have
By the fact that α is pre-log-log, and by Proposition 2.13, we have
Thus, by (3.8), (3.9) and (3.10), we see that it is enough to prove that the differential form π * [∂α] over S \ |∆| is continuous and has log-log growth along ∆. The continuity over S \ |∆| is proved as before. Let's prove that it has log-log growth along ∆. As before, we decompose the integration π * [∂α] into three parts: where β is some bounded differential form in variables z 2 , . . . , z q . Now, by the identity z 0 z 1 = w 0 and |z 0 |, |z 1 | ≤ c, there is a constant C > 0 such that we have
By (3.11) and (3.12), we deduce that the form (π| V 2,c ) * [∂α] has log-log growth along ∆. Now let's prove 3.1c). By the proof of Proposition 3.1b), we see that π * [f α] is continuous over S \ |∆|. Now, let t 0 ∈ |∆|, U ∈ S and V i,c , i = 1, 2, be as before. Trivially, since f α is continuous over π
) is a submersion, we see that
is continuous for any c > 0. Let's prove that for i = 1, 2, we have
If (3.13) holds, we would immediately conclude that π * [f α] is continuous. By the fact that (π| V i,c ) * [f α] depends only on the coupling of f α with two vertical vector fields, and the fact that those couplings have log-log growth on X \ Σ X/S with singularities along D, we deduce (3.13) for i = 1 from (3.1).
Since α has Poincaré growth on X \ |D| with singularities along π −1 (∆), and f has log-log growth along Σ X/S , we deduce that there are C > 0, p ∈ N such that
where H w 1 ,c is as in (3.6). By (3.1), (3.14) and Cauchy inequality, we deduce (3.13) for i = 2, which finally proves that π * [f α] is continuous over S.
The next proposition explains why Proposition 3.1 is well-suited to our Assumptions S1, S2, S3. Let L be a holomorphic line bundle over X and let h L i , i = 1, 2 be smooth Hermitian metrics on L over X \ (π −1 (|∆|) ∪ |D|).
Proposition 3.2. a) Suppose that h
L i , i = 1, 2 extend smoothly over X \ |D|, and they are prelog-log of infinite order, with singularities along D. Then there is a differential form α in the class
, which satisfies the hypothesis of Proposition 3.1a). b) Suppose that h L i , i = 1, 2 are pre-log-log, with singularities along
, which satisfies the hypothesis of Proposition 3.1b). c) Suppose that h L i , i = 1, 2 extend continuously over X \ (Σ X/S ∪ |D|), have log-log growth with singularities along Σ X/S ∪|D|, are good in the sense of Mumford on X \|D| with singularities along π −1 (∆), and the coupling with two vertical vector fields of c 1 (L, h L i ), i = 1, 2 are continuous over X \ (Σ X/S ∪ |D|) and has log-log growth on X \ Σ X/S with singularities along D.
Then there is a function f and a differential form α such that f α is in the class
[2] ∈ P pll (X \ π −1 (|∆|), D), and they satisfy the hypothesis of Proposition 3.1c).
Proof. It follows directly from Propositions 2.16, 2.22. For Proposition 3.2c
Some properties of the Quillen metric
be a surface with cusps. Let's recall some notions from [18] . 
If, moreover, ξ := L is a line bundle, we have 
Now, let's recall the result of Bismut-Bost [7, Théorème 2.2] on the asymptotics of the Quillen norm (see also Bismut [6] for its generalization to higher dimension and Ma [32] for the family version of [6] ). For this, we fix a f.s.o. π : X → S and smooth Hermitian vector bundles
Theorem 3.4 (Continuity theorem of Bismut-Bost). The norm
over S \ |∆| is very nice on S with singularities along ∆ in the sense of Definition 1.3.
Proof of Theorem C
We use the notation from Theorem C. Since all the statements are local, it suffices to prove them in a neighbourhood U of t 0 ∈ S. We prove them all at the same time in three steps: in Step 1 we see that by Theorem B, we can trivialize the Poincaré-compatible coordinates associated to g T Xt . In Step 2, by Theorem A, we reduce the problem to the problem without cusps. Finally, in Step 3, by the anomaly formula of Bismut-Gillet-Soulé (cf. Theorem B), we reduce the problem to the problem with smooth metrics, which is exactly Theorem 3.4. For the proof of Theorem C1, this step is unnecessary since the metrics, which are obtained after Step 2 are already smooth. In the first two steps the reduction is done by modifying norms · ω X/S , · X/S only in the neighbourhood of |D X/S |.
Step 1. Let V i,c , i = 1, . . . , m, c > 0 (resp. U ) be a neighbourhood of σ i (t 0 ) (resp. t 0 ) such that for some local coordinates (z 0 , . . . , z q ) of σ i (t 0 ) and (w 1 , . . . , w q ) of t 0 ∈ S, satisfying (2.6), we have V i,c = {x ∈ π −1 (U ) : |z 0 | < c} and {z 0 (x) = 0} = {σ i (t) : t ∈ U }. For simplicity, we note V i := V i,1 . Let ν : R + → [0, 1] be a smooth function satisfying
We denote by · , t ∈ S be the induced metric with cusps on X t . Then by Construction 1.1 and (3.22) , we see that if h ξ , · X/S satisfy Assumptions S1 or S2 or S3, then h ξ , · 0 X/S satisfy Assumptions S1 or S2 or S3 correspondingly. We denote by · . By Theorem B, for t ∈ U \ |∆|, we have
.
(3.23)
By Propositions 3.1, 3.2, we see that the right-hand-side of (3.23) is very nice on U \ |∆| with singularities along ∆ under Assumption S1, it is nice on U \ |∆| with singularities along ∆ under Assumption S2, and it is continuous on S under Assumption S3. By this and (3.23), we see that it is enough to prove Theorem C for the metrics · 
X/S satisfy Assumptions S1 or S2 or S3 for D X/S = ∅ correspondingly. Now, by Theorem A, we see that the function
is constant over U \|∆|. By Propositions 2.18, 3.1, 3.2, we see that the term under the integration in (3.26) is very nice on U \ |∆| with singularities along ∆ under Assumption S1, it is nice on U \ |∆| with singularities along ∆ under Assumption S2, and it is continuous on S under Assumption S3. By this and (3.26), it is enough to prove Theorem C for the metrics h
X/S be some smooth metrics on ξ, ω X/S (D) and ω X/S respectively over X. We denote by g T Xt sm the Riemannian metric on X t , induced by · ω,sm X/S . By the anomaly formula of Bismut-Gillet-Soulé [10, Theorem 1.27] (cf. Theorem B for m = 0), for t ∈ U \ |∆|:
By Theorem 2.19 and Propositions 2.18, 3.1, 3.2, the right-hand side of (3.27) is very nice on U \ |∆| with singularities along ∆. By this and (3.27), we see that it is enough to prove Theorem C for the metrics h
X/S , Theorem C follows directly from Theorem 3.4 by Remark 1.2. Thus, we conclude Theorem C.
Potential theory for log-log currents, a proof of Theorem D
In Section 4.1 we introduce the potential theory for currents with log-log growth and in Section 4.2 we use it to prove Theorem D. Then we deduce Corollaries 1.8, 1.9 from Theorem D.
Potential theory for currents with log-log growth
In this section we denote U = {(z 1 , . . . , z q ) ∈ C q : |z i | < 1, for all i = 1, . . . , q}, and let D i ⊂ U be defined by the equation {z i = 0}. We denote D = ∪ l i=1 D i , for some l ≤ q. Before stating the main result of this section, we need the following lemma. Proof. For p ∈ N, we denote the functions
over C 2 \ {0} × C and C 2 \ (C × {0} ∪ {0} × C) respectively. Then it's easy to see that the dominating terms of differential forms √ −1∂∂a
respectively. From this, we see that for some open neighbourhood V ⊂ U of S, the forms
respectively. Now, any differential form α over U \ D with log-log growth along D can be bounded from above and below by a linear combination of
So, since T has log-log growth along D, by (4.2), there are C > 0, p ∈ N such that for
we have the following inequalities over V :
Thus, the current T + C √ −1∂∂A p is closed, positive in V , and by (3.1), (4.4), (4.5) it has finite mass. Thus, by Skoda-El Mir's theorem (cf. [15 
is a closed current over U . Also 
over U \ D has log-log growth along D. Then we have the following identity of currents over U . We note, however, that in our applications, the condition of being pre-log-log and not smooth is essential, see Section 5.
To prove Proposition 4.3, we need the following weak analogue of Poincaré lemma for currents of log-log growth:
Lemma 4.5. Let T be a closed (1, 1)-current over U with log-log growth along D. For any x ∈ U , there is a neighborhood V of x and a function ψ ∈ L 1 loc (V ) with log-log growth along D, satisfying 
Thus, by plurisubharmonicity (cf. [16, Proposition A.15]), there is C 0 > 0, such that almost everywhere, we have 12) in particular, since A p has log-log growth along D, we deduce by (4.12) that R − C[A p ] L 1 has log-log growth along D. By (4.10), we get (4.9) for ψ :=
Proof of Proposition 4.3. Let ψ be a function on V ⊂⊂ U as in Lemma 4.5, such that
Then χ is pluriharmonic on V \ D and has log-log singularities along D. We'll prove that χ is pluriharmonic on V . Once it will be done, Proposition 4.3 will follow from (4.7), (4.13) and (4.14).
is harmonic over D * ( ), for some > 0, and has log-log growth along 0 ∈ D( ). By [7, p. 71-72] , the function χ 0 extends to a harmonic function over D( ). By repeating this for z in a small neighbourhood of fixed z in D 1 , we see that χ extends over V \ (∪ l i=2 D i ), such that it's restriction on discs {(z, z 2 , . . . , z n ) : |z| ≤ } are harmonic. By the maximum principle and the fact that χ is smooth over V \ (∪ We borrow the notation from Theorem 3.4. By Theorem 3.4, the Hermitian norm
is very nice over S with singularities along ∆. In particular, by Remark 1.4, its first Chern form is well-defined. 
. (4.16)
Proof of Theorem D.. Let's treat Assumption S1 first. As in Theorem C, the statement is local over the base. So, for any t 0 ∈ S, it is enough to prove (1.12) in some neighbourhood U ⊂ S of t 0 .
The fact that the current (1.11) is L 1 loc (S) follows from Lebesgue dominated convergence theorem and [7, Proposition 5.2] . The fact that its closure is a d-closed current follows from the fact that it is obtained as a pushforward of a closed form and (3.8).
By Proposition 2.13, (2.32), (3.22) and (3.23), we deduce that
. (4.17)
From (4.17) , wee see that it is enough to prove (1.12) for the norms · ω,0 X/S , · 0 X/S instead of the norms · ω X/S , · X/S . By (3.24) , (3.25) , the fact that (3.26) is constant and Proposition 2.13, we deduce
. X/S coincide away from ∪V i , and over ∪V i they vary only in the horizontal direction, we deduce that
Thus, by (4.19), we can interpret c 1 (ξ, h ξ ) in the right-hand side of (4.18) as the Chern form ch(ξ, h ξ ). By Poincaré-Lelong formula and (1.10), we deduce that
Now, by Theorem 4.7 applied for ξ :
2n and the metric g T Xt cmp , t ∈ U induced by · ω,cmp X/S , (4.18), (4.19) and (4.20) , we deduce Theorem D in Assumption S1. Let's treat Assumption S2. First of all, from Proposition 3.1, the current (1.11) has log-log growth along ∆. Also, since (1.11) is a pushforward of a closed current, it is a d-closed current over S \ |∆|. By Lemma 4.1, the L 1 -trivial extension of this current is also d-closed. Thus, by Theorem C2 and Proposition 4.3, we see that it is enough to prove Theorem D over S \ |∆| without the boundary term δ ∆ . Now, as before, the statement is local over the base. So, for any t 0 ∈ S \ |∆|, it is enough to prove (1.12) in some neighbourhood U ⊂ S \ |∆| of t 0 .
Trivially, (4.17) still holds over U under Assumption S2 over U . Similarly 
, (4.21) which finishes the proof of Theorem D under Assumption S2.
Proof of Corollary 1.8. Fix local holomorphic frames υ, υ 1 , . . . , υ m of L n , σ * 1 ξ, . . . , σ * m ξ respectively. We denote 22) where h det ξ is the metric on the line bundle det ξ, induced by h ξ . Then by Theorems C2, D and (1.8), we have the identity
However, by Theorem C3, the function G is continuous, which finishes the proof by (4.23). We follow closely the expositions of Wolpert [45] , and we use the notation from Section 1.
Let Γ be a Fuchsian group of type (g, m) such that M := M \ D M is isomorphic to the quotient Γ \ H of the hyperbolic space. Recall that the space of Beltrami differentials
) with the obvious action by the automorphisms group Aut(M) gives a local chart for M g,m in the following way. We take
. By locally resolving ∂-equation around the cusps, we may choose a representative 
has a unique solution in the class of diffeomorphisms of C ∪ {∞}, fixing 0, 1, ∞ ∈ C ∪ {∞}. We denote 
By the uniformization theorem, there is the unique hyperbolic metric g T M hyp of constant scalar curvature −1 over M with cusps at D M . We endow the space 
Now, to describe the local structure of M g,m , C g,m near the boundary, we describe the deformations of a pointed complex curve
with double-point singularities
on R i . We compactify each R i to R i by filling the created punctures, appearing after deletion of the nodes, and denote
Suppose that for any i = 1, . . . , k, the marked surfaces (R i , D R i ) are stable. We describe small deformations of (R, D R ) in terms of small deformations of (R i , D R i ) and so-called plumbing construction, which we are going to describe now. For every j = 1, . . . , l, the complex curve R \ {q j }, has a couple of punctures {a j , b j } at the place of q j . For the punctures q j , we consider 1. A neighbourhood A j of the puncture a j , biholomorphic to a punctured disc. We denote by U j the conformal completion of A j , obtained by formally adding a j . Then U j is biholomorphic to an open disc. Let F j : U j → C be a holomorphic coordinate mapping with F j (a j ) = 0;
2. Similarly, a neighbourhood B j of the puncture b j , its conformal completion V j and a coordinate mapping G j :
3. A small complex parameter t j ∈ C.
We suppose that the sets A j and B j are mutually disjoint for j = 1, . . . , l, and they are disjoint from
Consider the equivalence relation on points of R t/c, * generated by: p ∼ q if there exists j = 1, . . . , l, such that |t j |/c ≤ |F j (p)| ≤ c, |t j |/c ≤ |G j (q)| ≤ c and F j (p)G j (q) = t j . Form the identification space R t = R t/c, * / ∼. By the construction, D R induces the set of points D Rt on R t . We say that the compact pointed complex curve (R t , D Rt ) is the plumbing construction for (R, D R ) associated with the plumbing data {(U j , V j , F j , G j , t j )} j . Trivially, we see that a set X := ∪ t∈D(c 2 ) l R t can be endowed with a structure of a complex manifold, for which π : X → D(c 2 ) l is a proper holomorphic map of codimension 1. Now let's present a construction which combines the deformations using Beltrami differentials and the plumbing families.
Observe that one can take U j , V j so small so that there are Beltrami differentials ν 1 , . . . , ν N such that each of them is compactly supported in exactly one connected component of R \ ∪ j (U j ∪ V j ) and the associated cohomology classes
To simplify the exposition, we suppose that k = 1, i.e. that R 0 is connected. Let ν(s), s ∈ D(c) N be defined as in (5.4) for c small enough. Let Γ be a Fuchsian group such that R 0 is isomorphic to the quotient Γ \ H. We write
, by (5.1),the coordinates F j , G j induce holomorphic charts on R 0 s . We can complete R 0 s by adding points representing {F j = 0} and {G j = 0}. By identifying those pairs of points, we get a compact complex curve R s . The set of singular points of R s is in the obvious bijection with Σ R . Now, again by the fact that the support of ν(s) is contained in R \ (∪ j (U j ∪ V j )), the plumbing data {(U j , V j , F j , G j , t j )} j on R induces the plumbing data on R s . Thus, for t ∈ D(c) l , we form a complex curve R s,t . b) The set X := ∪ (s,t)∈S R s,t can be endowed with a structure of a complex manifold such that the projection π : X → S is a f.s.o.
c) The fixed points D R induce the holomorphic sections σ 1 , . . . , σ m : S → X. Then (π, σ 1 , . . . , σ m ) provides a description for local manifold covers of Ω : C g,m → M g,m .
5.2 Pinching expansion and proof of Corollaries 1.11, 1.12, 1.14, 1.16, 1.18
In this section we will explain why the hyperbolic metric over the universal curve satisfies Assumptions S2, S3. For this, we recall the pinching expansion of the hyperbolic metric. Then we establish Corollaries 1.11, 1.12, 1.14, 1.16, 1.18.
Pinching expansion describes the behaviour of the hyperbolic metric near the boundary of the universal curve. It compares the hyperbolic metric with so-called grafted metric, which is more accessible for analysis. We follow closely the description of Wolpert [45] .
. . , k be as in Section 5.1. Let {(U j , V j , F j , G j , t j )} j be a plumbing data for R. Consider the plumbing construction R s,t , (s, t) ∈ S := D(c) N +l , c > 0. The grafted metric is built from the hyperbolic metric on R 0 and the hyperbolic metric on a cylinder, see (5.16), (5.18). Let's describe this construction more precisely. 
We renormalize the coordinates
Trivially from Section 5.1, the plumbing construction for (U j , V j , F j , G j , t j ) coincides with the plumbing construction for
be smooth functions, satisfying
Since the function ν 1,0 is zero in the pinching collar, it induces the functions ν 1,s,t :
N +l by zero away from R (1−δ)c, * . Let 0 < c, δ < 1 be some small real constants. Since f j (0), g j (0) = 1, the inner boundary of annuli {c < |f j | < 2c}, {c < |g j | < 2c} are approximately {u j = c} and {v j = c} respectively.
We suppose that c > 0 is chosen in such a way that the metric g T R 0 is induced by √ −1du j du j |u j log |u j | 2 | 2 , over |f j | < 2c , √ −1dv j dv j |v j log |v j | 2 | 2 , over |g j | < 2c .
(5.14)
We denote by g 2 ) with smooth vertical vector fields is continuous over X \ (Σ X/S ∪ |D X/S |) and has log-log growth on X \ Σ X/S with singularities along |D X/S |. Now let's prove the fact that · hyp X/S has log-log growth with singularities along Σ X/S ∪ |D X/S |. We fix C > 0 such that over D(2c), we have the inequalities which implies by (2.13) that · gft X/S has log-log growth with singularities along Σ X/S ∪|D X/S |. Now let's explain some applications of Sections 3, 4. But before we drag the attention of the reader to the fact that M g,m is an orbifold. However, since all the theorems of this article are local, they can be applied in an orbifold chart, and the final statements continues to hold for families of complex curves over an orbifold. As M g,m is compact, we deduce that it is a constant, which finishes the proof.
